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We uncover a local order parameter for measurement-induced phase transitions: the average
entropy of a single reference qubit initially entangled with the system. Using this order parameter, we
identify scalable probes of measurement-induced criticality (MIC) that are immediately applicable
to advanced quantum computing platforms. We test our proposal on a 1+1 dimensional stabilizer
circuit model that can be classically simulated in polynomial time. We introduce the concept of a
“decoding light cone” to establish the local and efficiently measurable nature of this probe. We also
estimate bulk and surface critical exponents for the transition. Developing scalable probes of MIC
in more general models may be a useful application of noisy-intermediate scale quantum (NISQ)
devices, as well as point to more efficient realizations of fault-tolerant quantum computation.
Introduction.—Equilibration to long-time states in
many-body systems arises due to entropy production be-
tween subsystems and/or with an environment. In closed
quantum systems that thermalize, this entropy is in the
form of long-range entanglement between subsystems [1–
4]. When a quantum system is coupled to an environ-
ment, it is natural to ask whether this entanglement
between subsystems can survive coupling to the bath.
If so, this would imply, due to monogamy of entangle-
ment, that there are protected subspaces of the system’s
state space about which the environment does not gain
information during the dynamics [5]. Such a scenario
might seem implausible, however, in some contexts it oc-
curs quite naturally, e.g., in topologically ordered systems
[6, 7] and any realization of a quantum error correcting
code [8–10]. These basic questions about nonequilibrium
quantum statistical mechanics, therefore, have direct rel-
evance to the more practical challenge of realizing fault-
tolerant quantum computation [11, 12].
Recently, it was found that when local unitary entan-
gling dynamics is interspersed with measurements, there
is a phase transition between an area-law entangled state
in the system at high measurement rate and a volume-
law entangled state at low measurement rate [13–15]. In
the area-law phase, equilibration occurs predominantly
through entanglement with the local Markovian environ-
ment and any long-range entanglement within the system
is suppressed, while in the volume-law phase some long-
range entanglement between subsystems is produced.
There has already been significant progress understand-
ing different aspects of this transition, including probes
of universal behavior in large classes of models [16], gen-
eralizations to weak measurements [17], and alternative
viewpoints in terms of channel capacities, quantum er-
ror correction [18, 19], and purification dynamics [19]. In
some limiting cases, the phase transition can be studied
analytically in a family of classical statistical mechani-
cal models derived via replica methods [20–22]. In these
effective models, entanglement is mapped to the free en-
ergy cost of inserting a domain wall in the system, raising
the question of whether there also local probes that can
capture the universal, critical properties of the transition.
Furthermore, the intrinsically random outcomes of quan-
tum measurements prevent one from preparing multiple
copies of a single state without either exponentially many
samples or potentially complex decoding operations. As
a result, one might suspect that this phase transition
is fundamentally inaccessible in experiments with only
polynomial resources.
In this Letter, we introduce local, scalable probes of
such measurement-induced criticality (MIC) that are im-
mediately applicable to quantum computing platforms
with high-fidelity control on large numbers of qubits [23].
A central element of our proposal is the identification of
a local order parameter for these transitions equal to the
entropy of a finite number of maximally entangled refer-
ence qubits with the system. Using this order parame-
ter, one can extract universal features of the volume-law
phase in any spatial dimension and in systems with long-
range interactions using constant-depth quantum circuits
and polynomially-many runs of the experiment. Access-
ing the critical region experimentally requires an efficient
method for computing “entropy decoder functions” that
can correlate the basis of the reference qubits with the
measurement record, using an incomplete model for the
underlying dynamics of the system.
Using a 1 + 1 dimensional stabilizer circuit model that
realizes one universality class for MIC [16] and can be
simulated classically in polynomial time [24, 25], we show
how to identify the critical point with this local order pa-
rameter. We then establish the existence of a decoding
light cone defined by the space-time location of measure-
ment events that purify the reference qubits. We directly
show that this local spreading of quantum information
into the measurements allows scalable probes of the two
phases in large systems. We then turn to an examina-
tion of critical scaling properties of the order parameter.
As is typical of critical phenomena, the behavior of n-
point functions in finite-size systems depends sensitively
on the underlying topology [26, 27]. We illustrate how to
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2use this property to extract a “surface” order parameter
exponent βs. To measure the “bulk” order parameter ex-
ponent β [28], finite size effects are reduced by measuring
the two-point function, which we identify with the mu-
tual information between two initially locally entangled
reference qubits.
Order parameter measurement.—Combined unitary-
measurement dynamics in one of its simplest form refers
to the open system dynamics described by the family of
quantum channels
Nt(ρ) =
∑
~m
K~mρK
†
~m ⊗ |~m〉〈~m|, (1)
K~m = UtP
mt
t · · ·U1Pm11 , (2)
where ρ is the density matrix of the system, Un are uni-
tary operators, Pmnn is a sequences of projectors that
satisfy P 0n+P
1
n = I, and ~m indexes the measurement out-
comes (mn = 0 or 1). Such channels describe a system
that is coupled to the environment only through ancilla
qubits, which also act as a register to record the quantum
trajectories of the system [29]. We note that more gen-
eral definitions of measurement-induced transitions and
phases have been put forward in our recent work [19]. We
consider an equivalent formulation of the model shown in
Fig. 1(a), where the initial density matrix of the system
S ρS =
∑
k λk|k〉〈k| is purified by adding a reference sys-
tem R: |ψRS〉 =
∑
k
√
λk|kR〉|k〉. In each layer of the
circuit, we apply spatially local unitaries, followed by a
round of single-site measurements of each site with prob-
ability p. For rather generic choices of unitaries, MIC
arises in such models by tuning the measurement rate p
to a critical value pc.
Previously we showed that one could identify the phase
transition by studying the purification dynamics of the
maximally mixed state [19]; however, the entropy of this
mixed state has a similar interpretation to entanglement
as a domain wall free-energy cost [21] and does not serve
as a local or scalable probe. Here, we instead consider
the case where the reference system consists of a finite
number of qubits. For simplicity and ease of experimen-
tal implementation, we first focus on a single-reference
qubit. We extend the channel to a unitary operation by
including an environment Nt(ρS) = TrE [USEρSEU†SE ].
The total state of the reference, system, and environment
|ψRSE〉 evolves as
|ψRSE〉 =
∑
k~m
√
pk~m |kR〉|ψk~m〉|~m〉, (3)
where
√
pk~m|ψk~m〉 =
√
λk(K~m|k〉)|~m〉 and pk~m is the
joint probability of starting in |k〉 and observing measure-
ments ~m. The reduced density matrix for the reference
and environment is ρRE =
∑
~m p~m ρR~m ⊗ |~m〉〈~m| with
ρR~m =
(
p0|~m
√
p0|~mp1|~mO~m√
p0|~mp1|~mO∗~m p1|~m
)
, (4)
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FIG. 1. (a) Unitary-measurement dynamics in 1 + 1 dimen-
sions with additional reference probes. The reference qubits
are used to measure few-point order parameter correlations.
(b) Finite-size scaling of the entanglement transition in a
stabilizer circuit model using the circuit-averaged SQ as an
order parameter (see text). Each two-site unitary is drawn
uniformly from the Clifford group and Z-measurements are
made at each site with probability p. The crossing point for
L = 64 − 256 lets us locate pc = 0.1598(5) and (inset) a col-
lapse of the data at this value of pc occurs for ν = 1.30(5),
consistent with previous estimates [16, 19].
where p~m =
∑
k pk~m, pk|~m = pk~m/p~m is the conditional
probability of the reference being in state |kR〉, and O~m =
〈ψ0~m|ψ1~m〉 is an overlap factor. We introduce “quantum”
and “classical” order parameters based on this reduced
density matrix. We define the quantum order parameter
as the coherent quantum information of this input state
[5], which, for the channels in Eq. (1), reduces to the
average entropy of the reference qubit [18, 19]
SQ = S(ρR)− I(R : E) =
∑
~m
p~mS(ρR~m), (5)
where S(ρ) = −Tr[ρ log ρ] is the von Neumann entropy
and I(R : E) = S(ρR)+S(ρE)−S(ρRE) is the mutual in-
formation. SQ measures the ability of the system to store
one bit of quantum information [5, 30]. In the ordered
phase, the environment gains little information about the
state of the reference and SQ can stay nonzero. In con-
trast, in the disordered phase, the environment quickly
learns about the state of the reference and SQ decays to
zero.
To define the classical order parameter SC , we set the
off-diagonal elements of ρR~m to zero
SC = H(pk~m)−H(p~m) =
∑
k~m
pk~m log(p~m/pk~m), (6)
where H(qi) = −
∑
i qi log qi is the classical entropy. SC
measures the ability of the environment to distinguish
the two initial states |0〉 and |1〉. Analogous to SQ, it
measures the ability of the system to store one classical
bit of information [30]. We remark that a related metric
to SC is the Kullback-Leibler divergence of the measure-
3ment distributions for two initial states |0〉 and |1〉
DKL(p1~m|p0~m) =
∑
~m
p1~m log(p1~m/p0~m), (7)
which was identified as a probe of MIC in Ref. [21]. Near
the critical point, we expect all of these metrics to have
the same universal scaling behavior.
To demonstrate the utility of 〈SQ〉 as a probe of the
transition, we turn to the 1 + 1 dimensional stabilizer
circuit model introduced in Ref. [16], where each two-
site unitary in Fig. 1(a) is given by a random Clifford
gate and, without loss of generality, each measurement is
made along the Z axis. Stabilizer circuits have the ad-
vantage that efficient classical simulations are straightfor-
ward to implement for any dimension or interaction range
[25], making them suitable for scalable experiments that
include the critical region.
To identify the critical measurement rate, we initial-
ize systems of length L qubits with periodic boundary
conditions by first performing an “encoding” step that
starts from the reference maximally entangled with one
site. We then create a pseudo-random stabilizer state
by running the circuit without measurements for time
t0 = 2L, then run the circuit with measurements for an
additional time t−t0 = 2L. For p < pc, the entanglement
of the system with the reference qubit will be approxi-
mately preserved during the dynamics, which leaves ρR~m
close to a maximally mixed state. On the other hand, for
p > pc, the measurements quickly collapse the entangle-
ment, reducing ρR~m to a pure state with either |O~m| → 1
or one of pk|~m → 0. At the critical point, the reference
qubit purifies on a timescale ∼ L [19].
In Fig. 1(b), we show the finite-size scaling of the
circuit-averaged 〈SQ〉 through the entanglement transi-
tion. There is an emergent conformal symmetry in the
1 + 1 dimensional models [16, 22], which fixes z = 1. We
use the scaling ansatz
〈SQ〉 = F [(p− pc)L1/ν , t/L], (8)
where t is the number of two-qubit gates that have acted
on each site. For this protocol, there is no early time
power-law decay because we are quenching the system
from the “ordered” phase. We locate the critical mea-
surement rate pc = 0.1598(5) through the crossing with
increasing system size for 64 ≤ L ≤ 256. Collaps-
ing the data according to Eq. (8) with this value of pc
gives an estimate for the correlation length exponent
ν = 1.30(5) [31]. We find excellent agreement of pc
and ν with past results [16, 19]. To illustrate that this
approach is applicable to small-scale systems commonly
studied in experiments, we include data for 4 ≤ L ≤ 16.
With this restricted data set, we obtain similar estimates
(pc, ν) = (0.16(1), 1.3(2)) with less precision.
Decoding light cone.—This analysis shows that we can
obtain a direct probe of the phase transition and criti-
cal point, provided we can estimate an entropy decoder
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FIG. 2. (a) Decoding light cone defined by 〈∆SQ(x, t)〉, which
is the average change in SQ due to a measurement at space-
time point (x, t). We took periodic boundary conditions with
a product initial state and the reference maximally entangled
with site x0 = L/2 for L = 64. (b) Evolution of 〈SQ〉 in the
volume and area-law phase for the same condition as (a), but
the measurement results are only recorded when they occur
a distance |x− x0| below the indicated bounds.
function:
~m→ (p0|~m, O~m). (9)
There are three basic approaches to finding this decoder
in experiment. One approach is to implement models,
such as stabilizer circuits, that allow efficient classical
simulations. The simulations allow one to make a good
guess for the appropriate basis to analyze each measure-
ment result for the reference qubit. Another approach
is to use the experimental data to correlate the mea-
surement record with simultaneous tomography measure-
ments of the reference qubit. This approach allows one
to directly reconstruct the decoding function, but could
require exponentially many runs of the experiment near
the critical point. A third approach, which we do not
explore here, is to use hybrid methods that use the data
output from the experiment as input to a classical model
for the decoder.
Although one might suspect that estimating such a de-
coder is equivalent in difficulty to solving the quantum
dynamics of the circuit, this is not generally the case in
either of the two phases. In the volume-law phase, where
the overall complexity of the system is highest, the en-
tropy reduction of the reference qubit only takes place on
time scales ∼ ξz, where ξ ∼ |p− pc|−ν is the correlation
length of the phase transition and z is the dynamical crit-
ical exponent. After this point, the scrambling dynamics
imply that future measurements gain exponentially de-
creasing amounts of information about the state of the
reference. Thus, we can accurately estimate the decoder
in the volume-law phase with a constant-depth quantum
circuit. A second crucial observation is that the decoder
only requires access to the measurement record over a
bounded space-time domain within the causal lightcone
of the reference qubit. We show an example of this emer-
gent decoding light cone in Fig. 2(a) for p < pc starting
from a product initial state with the reference entangled
4with site x0 = L/2. Here, 〈∆SQ(x, t)〉 is defined as the
average change in SQ due to a measurement at space-
time location (x, t). Perhaps surprisingly, we find the
same emergent light cone for volume-law entangled ini-
tial states as long as the reference qubit begins locally
entangled with the system [32]. In recent work, we in-
troduced a complementary definition of an information
spreading light cone in terms of the mutual information
of the reference qubit with the system and not the en-
vironment [33]. These locality results further imply that
if one reference qubit remains in a mixed state, then an
extensive number of them separated by much more than
the correlation length will as well. To further confirm
that only a polynomial number of experimental runs are
required, we explicitly model the case where the mea-
surement outcomes are recorded only for |x − x0| below
some cutoff length. The results are shown in Fig. 2(b)
for p = 0.08 ≈ pc/2 and p = 0.24 ≈ 3pc/2. We find that
SQ converges close to its ideal value as soon as the cutoff
exceeds the correlation length. This method explicitly
fails at the critical point, where the correlation length
diverges; however, in 1 + 1 dimensions the entanglement
only grows logarithmically in time at pc [14], making de-
coders based on classical simulation feasible.
Order parameter correlations.—Having established the
possibility of locating the transition with 〈SQ〉, we now
turn to the determination of the order parameter critical
exponents and correlation functions. To use our reference
qubit to estimate the surface-order parameter exponent
βs, we apply a similar procedure as in Fig. 1(b), but with
the initial state chosen to be a product state and the ref-
erence qubit entangled with one of the system’s qubits at
this “disordered” surface. With this protocol, the refer-
ence has a much higher chance of purifying at early times
compared to being placed in the bulk. The numerical re-
sults vs. p are shown in Fig. 3(a), where we compute 〈SQ〉
at time t = 2L. Away from the critical point, we see a
collapse of the data with the scaling 〈SQ〉 ∼ |p−pc|βs for
βs = 0.45(2) obtained from fitting. It has been shown
that certain limiting cases of this transition are equiva-
lent to 2D critical percolation [14, 21, 22]. Interestingly,
our extracted value of βs is close to the percolation value
βs = 4/9 [34, 35].
We can obtain an accurate probe of the bulk order pa-
rameter exponent by measuring connected two-point or-
der parameter correlation functions using an additional
reference qubit. At time t0, we measure two qubits in
the system at positions x and y and then place each one
of these qubits in a maximally entangled state with a
reference qubit. We then compute the mutual informa-
tion between the two reference qubits Ixy as a function
of (t − t0)/L. Scaling theory predicts that the circuit
averaged 〈Ixy〉 at p = pc should have the form [28]
〈Ixy〉 = |x− y|−ηG[(t− t0)/L], (10)
for a universal scaling function G(·). In Fig. 2(b), we
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FIG. 3. (a) 〈SQ〉 when the initial product state has one
qubit maximally entangled with the reference, and is then
run out to time t = 2L. This procedure allows us to com-
pute the surface order parameter exponent βs from the scal-
ing 〈SQ〉 ∼ |p − pc|βs . (b) Surface/bulk two-point func-
tion obtained at p = 0.1596 by measuring the mutual in-
formation Ixy between two reference qubits locally entan-
gled with the system at time t0 = 0/4L at two antipo-
dal sites (x, y) = (0, L/2) with periodic boundary condi-
tions. (c) Two-point function for open boundary conditions
with t0 = 4L and (x, y) = (0, L − 1) or (0, L/2). We find
(η, η‖1, η‖2, η‖3) = (0.22(1), 0.74(1), 0.67(2), 0.58(2)).
show that 〈Ixy〉 follows precisely this predicted form when
t0 = 0/4L and x and y are taken to be antipodal sites
(|x− y| = L/2) in a system with periodic boundary con-
ditions. Here, we are essentially measuring two-point
functions in the surface/bulk of a cylinder. From col-
lapsing the data, we obtain a bulk exponent η = 0.22(1)
(close to percolation η = 5/24) and surface exponent
η‖1 = 0.74(1) (as compared to percolation η‖ = 2/3).
Using open boundary conditions, we can obtain inde-
pendent estimates of the surface exponent as shown in
Fig. 2(c). Placing one reference qubit at x = 0 and an-
other at y = L− 1, we obtain the estimate η‖2 = 0.67(2)
[36]. For y = L/2, scaling theory predicts an expo-
nent η⊥ = (η + η‖)/2 [26, 27], from which we estimate
a third value η‖3 = 0.58(2). Using these differences to
estimate systematic uncertainty, we obtain the estimate
η‖ = 0.7(1). We note that, recently, Ref. [37] studied this
stabilizer circuit model and found a slightly larger surface
exponent (η‖ = 0.82) using the purification dynamics of
several reference qubits (see supplemental material for a
discussion of this estimate [32]). Moreover, other sur-
face exponents in this stabilizer circuit model are known
to have much more substantial differences from perco-
5lation [16, 19, 37]. Finally, we note that recent work
on a 1+1 dimensional Haar random circuit with mea-
surements found a similar value of η = 0.19(1), but a
substantially different value η‖2 = 0.39(1) [38].
Conclusions.—We have defined a local order param-
eter for MIC and shown how it can be used to realize
scalable probes of this novel class of critical phenomena.
Our proposals are immediately applicable to quantum
computing platforms with high-fidelity control on large
numbers of qubits. Although we focused on a 1 + 1 di-
mensional stabilizer circuit model, the proposed method-
ology can be applied to any known realization of MIC in
any number of dimensions or range of interactions. In
cases with long-range interactions, entanglement within
the system may no longer be a useful diagnostic of the
phase transition, but MIC is still realized in the purifica-
tion dynamics of the reference system [19].
Many open questions remain about the appropriate
classification of these phase transitions, especially out-
side 1 + 1 dimensions or in the presence of quenched dis-
order. The ordered phase naturally realizes high com-
plexity states, which raises questions about the relation
of MIC to quantum complexity theory. As a result, devel-
oping scalable probes of MIC in more general models may
be a useful application of noisy-intermediate scale quan-
tum (NISQ) devices [39]. We have found that our order
parameter can be extracted from the entropy of measure-
ment outcomes in a fixed basis, which can be directly es-
timated using techniques similar to cross-entropy bench-
marking [40]. Furthermore, the ordered phase naturally
realizes novel quantum error correcting codes [18, 19, 41].
Studying the properties of these codes, including their
universal scaling properties near the transition, may pro-
vide fundamental insights into quantum error correction,
potentially pointing to more efficient realizations of fault-
tolerant quantum computation.
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Supplemental Material: Scalable probes of measurement-induced criticality
I. DECODING LIGHT CONE
In this section, we present numerical data on the de-
coding light cone for a single-reference qubit that is
locally entangled with an initially volume-law entan-
gled state. We consider two boundary conditions. In
Fig. S1(a), we run the circuit at a fixed measurement
rate in the volume-law phase until saturation (t0 = 4L),
which takes time ∼ L [1, 2]. We then measure one qubit,
entangle it with the reference, and evolve the system. We
find a nearly identical emergent light cone in the purifica-
tion dynamics of this single reference qubit as we found
in the main text for the same conditions starting from a
product state (t0 = 0).
In Fig. S1(b), we consider an initial state which is a
pseudorandom stabilizer state at t0 = 4L, which is ob-
tained by running the circuit without measurements. We
find a similar decoding light cone in the future evolu-
tion with measurements. We remark that if the refer-
ence starts in a pseudorandom state together with sys-
tem, then there is no similar light cone observed in the
data (not shown). Instead, the measurement events that
purify the reference qubit are distributed uniformly ran-
domly throughout the system.
The emergence of this light cone is potentially sur-
prising because strict causality can be violated in these
models [3]. As a result, any light cone that emerges is
statistical in nature. We leave a full exploration of these
issues for future work, but note that the behavior ob-
served here is consistent with another probe of informa-
tion spreading that uses a single-reference qubit, which
was introduced in our recent work [4]. In that approach,
we define a light cone by the minimal region over which
the system has maximal mutual information with the ref-
erence qubit, which remains well-defined to arbitrarily
late times in the volume-law phase.
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FIG. S1: Decoding light cone starting from volume-law en-
tangled states. At time t0 = 4L (we took L = 64), a qubit in
the system is measured and entangled with a reference qubit.
In (a) we took a constant value of p = 0.08 < pc ≈ 0.16 for all
times. In (b) we performed a quench in p from 0 for t ≤ t0 to
p = 0.08 for t > t0. Thus, the initial state is a quasirandom
stabilizer state.
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FIG. S2: Purification dynamics of one (a) and four (b) ref-
erence qubits at p = 0.1596 ≈ pc starting from a product
initial state, periodic boundary conditions, and the reference
qubits maximally entangled with a contiguous region. From
(a/b) we obtain an estimate η‖ = 0.70(2)/0.76(2) that lies in
the systematic uncertainty interval obtained from the mutual
information probes described in the main text.
II. SURFACE EXPONENT
In this section, we estimate the surface exponent using
an alternative numerical method compared to the main
text. In particular, we consider the purification dynam-
ics of a finite number of reference qubits at pc maximally
entangled with the system. Following the appearance of
this work, Li, Chen, Ludwig and Fisher pointed out that,
in 1+1 dimensions, there are advantages to considering
the entropy of the reference system to probe η‖ (instead
of the mutual information of two reference qubits) be-
cause it maps to a less complicated boundary operator
in the underlying conformal field theory [3]. In addition,
Li et al. suggested that, in stabilizer circuits, it might
be advantageous to consider the purification dynamics of
several reference qubits instead of just one. The reduced
density matrix for a stabilizer state on one qubit can
only have 0 or 1 bits of entropy, which, for the single ref-
erence qubit probe, increases the statistical fluctuations
and may lead to stronger finite-size effects in the purifi-
cation dynamics near pc. Our focus on a single-reference
qubit in this work was primarily due to the simplicity
of the experimental and numerical implementations, we
have not been able to conclusively resolve whether one
or several reference qubits are preferable for obtaining
accurate critical properties.
Our results for one and four reference qubits maximally
entangled with a contiguous region of the system that is
otherwise in a product state are shown in Fig. S2(a)-(b).
We run the circuit at p = 0.1596 ≈ pc and assume a
scaling function of the form
〈S(ρ)〉 = t−η‖/2F (t/L). (S1)
Similar to Li et al., we find that the estimated value of η‖
with this method drifts to larger values as the size of the
2reference system increases (we find η‖ = 0.70(2)/0.76(2)
for one/four reference qubits). Our estimated value of
η‖ differs slightly from theirs (η‖ = 0.82) because we use
a slightly smaller estimate for pc of 0.1596 compared to
their estimate of 0.1600. However, all the values reported
for η‖ lie within the systematic uncertainty we estimated
from the mutual information probes η‖ = 0.7(1). As
a result, we leave it to future work to obtain a more
accurate estimate of η‖ for this model.
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